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NONPARAMETRIC DENSITY ESTIMATION 

C. R. LONGBOTHAM, SHELL DEVELOPMENT CO. 

Abstract 

Nonparametric density estimation is a recently 
applied statistical tool useful in exploratory 
data analysis and in graphical present~tion of 
data. The underlying density of the data is 
estimated without assumptions regarding the form 
of the true distribution except that it is 
continuous. We describe a macro that may be 
called to give a nonparametric estimate of a 
univariate density. An introduction to 
nonparametric density estimation is included. 

Introduction to Nonparametric Density Estimation 

The goal of nonparametric density estimation is 
to estimate the density function, f(x), of a 
continuous distribution function, F(x). A simple 
estimate of the density is a histogram for given 
interval widths and boundaries. A density 
estimate is useful for presentation of data as 
well as exploratory data analysis - to visually 
inspect properties of the density such as 
skewness. number and position of modes. 
unusual features. etc. A nonparametric density 
estimate may be thought of as a smoothed histogram. 
Several methods are available for estimation. An 
estimate of f(x) at any point x £ (-~.~), given a 
random sample, Xl •...• XN, is a weighted average 
of a function of the distances Ix - XiI, i=l, ...• N. 
The weights are determined by the kernel, K(·). 
and the bandwidth, h. The kernel specifies the 
shape of the distribution of the weights and the 
bandwidth specifies the sphere of influence. The 
estimate of f(x) for an arbitrary point x is: 

f(x) = 1 
Nh 

N X' 
Z K(~1). 

i=i h 

Four kernels are given as options in the macro 
described in the next s'ection. Two of these are 
the triangular kernel, 

K(y) = [1 D, 

I y I , if I y I < 1 

otherwise 

and the quartic kernel, 

{

1S • (l-y')', if 
K(y) = 16 

0, otherwise 

IYI < 1 

The other two kernels are the density functions 
of the Normal distribution and the Cauchy 
distribution. 

The bandwidth may be chosen automatically by the 
computer or the user may choose a bandwidth or 
list of bandwidths for calculation. The choice 
of bandwidth is much more critical for the shape 
of the density estimate than the choice of 
kernel. An optimal bandwidth depends mainly on N 
and the shape of the true density. Since the 
true density is not known, an approximation to 
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the optimal bandwidth is made. A bandwidth that 
is too large will cause the density estimate to 
be overly smooth and too narrow a bandwidth will 
give a bumpy appearance to the density. An 
investigator may choose a density estimate 
smoother or bumpier than that chosen by the 
approximately optimal bandwidth because of 
expectations about density smoothness, modes, 
tendency for data to clump around certain values, 
etc. 

Program Description 

The program is written as a macro that may be 
called within any program after the observations 
have been placed in a data step. User-selected 
options, with defaults accompanied by an *. are 

1) type _of kernel: quartic*, triangular, normal, 
cauchy 

2) bandwidth selection: 
a) single value " selected by user 
b) list of, values selected by user 
c) single value selected by computer 
d) list of three values chosen by computer* 

3) span Of density estimate (and plot): entire 
range of observations*, portion of range 

4) cumulative probability calculations: 
calculate F(x) for x values where f(x) 
calculated, do not calculate any F(x) values* 

5) x, values for density: automatically chosen*, 
user specified. 

The form of the macro with variable names and 
default values is 
DENSITY(DATA=A, VAR=X, KERNEL=1, HFIRST=-99999, 
HLAST=-99999, HINC=-999, XFIRST=-99999, 
XLAST=-99999, XINC=-99999, CUMPROB=-1). 
If a value for a variable is not specified in the 
call of macro, the default value is used. For 
example, following is a simple program to call 
the macro using all the defaults except the data 
set and variable name. The macro is in a 
SAS.SORC file called DENSPROG (a TSO 
implementation). 

% INCLUDE SASSORC (DENSPROG); 
% DENSITY (DATA = SASDATA.EDUC, VAR=AGE) 

A table of the macro variables and meaningful 
values is given below 

Variable 

DATA 
VAR 
KKRIIKL 

HlIRST 

BLAST 

Values 

Any valid data set name 
Any numeric variable name 
O=triangular. l=quartic. 
2=normal, 3=cauchy 
-99999 or positive; smallest bandwidth 
in list of bandwidths, if default, 
computer chooses bandwidth by formula 
of Silverman I s 
-99999 or positive; largest bandwidth 
in list of bandwidths; if default, 
computer chooses same bandwidth as for 
HFIRST 



DINe 

XFIRST. 

XLAST 

XINC 

-99999, negative, positive; if 
positive, HINC is step size in list of 
bandwidths; if -99999, only one 
bandwidth, HFIRST used; if other 
negative, three bandwidths in list, 
HFIRST, .7*HFIRST and 1.3*HFIRST. 
Any real value; first x value in domain 
of f(x); _if default, XFIRST is slightly 
less than smallest x value. 
Any real value; last x value in domain 
of F(x); if default, XLAST is larger 
than largest x value. 
-99999 or positive; distance between x 
values in list; if d_efault, 
XINC = (XLAST-XFIRST)/60. 

CUHPROB Negative or positive; if positive, 
compute and print cumulative 
probabilities to out file, else do not 
compute and print probabilities. (NOTE: 

Example 

If kernel = 0 or 1, set XFIRST ~ 
-99999, if kernel = 2, set XFIRST < 
(smallest data value - 3* bandwidth). 
Cumulative probabilities are not accurate 
if kernel = 3) 

Metallic tensile test samples (called dogbones) 
were taken from development units. The 
development units were all processed identically. 
The density -estimate (see Figure 1) clearly is 
bimodal. Once we discovered this feature of the 
data we looked for reasons to explain the 
bimodality. 

We found the two -modes to correspond closely to 
two extreme locations where dogbanes were taken 
on the units (Figures 2 and 3). The density of 
the dog bones taken between the two extremes was 
again bimodal (Figure 4) .. 

DENSITY ESTIMATE OF DOGBONES 

DElfS-I TY 

2.4E-Ol 

1.9E-Ol 

1.4E-Ol 

9.6E-02 

4.8£-02 

AS-MACHINED HALVES OF EXPERlloIENTAL UNITS USED 
BANDWDTH_l .2 

1. 6£-04 ,....",::;;:::::;::::::,_-,-_-,_,--_,-_,....--,,--,_-,-

10 11 12 13 14 15 16 17 18 Ii 

LVALUES 

Fisure 1. 

ALL POSITIONS, 85 OBSERVATIONS 
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DENSITY ESTIMATE OF DOGBONES 

DENS ITY 

0.380 

0.285 

0.190 

0.095 

AS-MACH I NED HALVES OF EXPER I YENT AL UN ITS USED 
BANDWDTH"'I . 4 

0.000 'r--r--:;=--,--,---r---r--,-,---,--.-.,. 

DENSITY 

0.350 

0.304 

0.259 

0.213 

0.167 

0.121 

0.076 

0.030 

11 

10 11 12 13 14 15 16 17 18 19 

LVALUES 

Fisure 2. 

POLE POS tTl ON, Z4 OBSERVAT IONS 

DENSITY ESTIMATE OF DOGBONES 
AS-IoIACH INED HAlVES OF EXPER I UENT AL UN ITS USED 

BANDWDTH .. I.4 

" 13 .. 15 

LVALUES 

Fisure 3. 

" 

WAIST POSITION, 25 OBSERVATIONS 

17 

DENSITY ESTIMATE OF DOGBONES 

DENSITY 

0.220 

0.172 

0.125 

0.077 

AS-UACHINED HALVES OF EXPERlloIENTAL UNITS USED 
BANDWDTH .. 1.4 

0.030 'r---,---,---y--.,.----.--,---y-_~ 
11 12 13 " 15 

LVALUES 
" 

Fisure 4. 

17 

YID POSITION, 36 OBSERVATIONS 

" 19 



Appendix - Macro Listing 
OO.OOcOOOc.o**coe0600'u.OOOOC<OCoOOOOOOOOOOOOO .... O".OO •• O .. 0 •••• 0 ............. • 

•• A MA(.RO TO GIVE NONPARAHETRIC DI!NSlTY ESTIMATES OF A DENSITY 00 
GIVEN A RANDOM SAMPLE FROM A POPULATION. IJSER (.HOOSES PARAMETERS 
TO O"'U.NtE SMOOTHNESS AND BIAS (BANDWIDTH, kUNEL). liND TO •• 
SPEt:lFY THE RANGE OF THE DATA OVER WHICH THE OENSllY IS TO DE fIT •• 

PROGRAM WIUTTEN BY: C. ROGER LONGBDTHAH •• 
00 WHILE AT ROCKWELL INTERNATIONAL. ROCKY FLATS PLANT •• 
.o •• o .... o.(l.oo •• o.oooo. •••• ooooooo.o •• oot:oo •••• o •• o .................... 0.* •• 
OPTIONS L5=16; 
GOPTlONS OEV=18H3Z79j 
:UU{'RO DENSl TV (0" T A=A.VAR"'l1 ,KERNEl= 1, HF 11\51 __ 99999, HLA$1=-99999, 

HI N(.=- 999 • XF I RS '--99 999. Xl A ST ~- 9'J99'h II. 1"(.<>- 99" 99. C.UHPR08=-11 ; 
DATA A. 

SET &OATA' 
x '" tVAR. 
KEEP X; 

PROC SORT DATA"'A; 
BY x; 

PROC Ifill; 
START DEFAULTS; 

11'11'11'0-"11'00'''''1,01011'0100010 DEFINE PARAJIIETER VALUES 010.0000000000000 ••• 1 
00. DEFAULTS FOR PARAMETERS ARE ACHIEVED BY SETTING VALUES EQUAL 
00** TO -1111'111'1 FOR NEXT 6 I'ARAMETERS. kERNL=I, AND CUMI'<O. OTHER-

WISE SET HF=SMALLEST BANDWIDTH >D.HL,.LARGEST BANDWIDTH >0. 
HI=lNCREHENT FROM HF TO HL TO COMPUTE BANDWIDTH. lIiF_SMAUUT 

000 X VALUE FOR REGION OF INHiREST, XL=LARGEST X VALUE FOR REGION 
(DEFAULT REGION IS RANGE OF DATA), DX=DISTANCE,BETWEEN X 
VALUES, kERNL"O FOR TRUNGULAR. 1 FOR QUARTIC. Z FOR NORMAL. 
AND 3 FOR CAUCHY. CUMP)O FOR CALCULATION OF CUMULATIVE D.F. 
(IF CUMP)O, XF NEEDS TO BE <'" SMALLEST x VALUE IF KERNL"'O OR 

000 I, (t IX VALUEI-3010BANDWIOTH IF KERNL=Z, AND CUJIIPROBS NOT 
000 ACCURATE IF kERNL:3); 
HI' tHFIRST; 
HL .. tHLAST, 
HI tHINC I 
XI' = tXflRST, 
XL : tXLAST: 
OX = tUNC: 
KERNL '" tKERNEL; 
CUMP .. tCUMPROB, 
fINISH; 

RUN DEfAULTS; 
USE A; 
READ ALL INTO XA; 
N'" NROWIXA,; 
CDNST .. 15/16-, •• (10(100(10(1*0(100*00000000 ••• 00.0.0 •• 
SIGMASOR ,. .JZ65); 010 SCALE CONSTANTS FOR KERNELS 010 
GCDNST = SQRT(Z"'3.1't15'1*SIGMASQRI;* DEFINED HERE. CONST FOR QUARTlC,* 
CCONST" .S/l.It,1$'1; • GCONST,CCON$T FOR NORMAL, CAUCHY. 
START VARI ANCE; *OOO*O .... OO(lOo .... ooOo .. ~OoOOo(l ... Oo .. OoOoO.OO. 

*** CALCULATE STD. DEV. AND OUARTILE EST IMATE Of VIIRIABILlTY*O. 
0-.0 FOR USE IN (.ALCULATING INITIAL, DEFAULT BANDWIDTH USING 0 •• 
0 ... SILVERMAN'S FORMULA. 0001 
SUM .. UI'.,II; 
(55 '" PlAIlXA)('+oIl ~ SUMUUM/N; 
STOOEV = SQRTIC$S/IN-l')i 
01 FLOOR ( ((N~311" II I {N"6)1""; 
Ql = (XA(·,IOldJlIl.,,"2; 
03" CElLilpON"IJ/", II II3*N-Z",,)). 
03'" IXAII03.llIlI".Il/Z; 
OUARTSIG : 103 - 01111.3", 
FINISH; 

RUN VARIANCe; 
START INITIAL; 000 MODULE TO TRANSLATE PARAMETER OPTIONS. 

IF XF=-'19'1'1'1 THEN )l:1"=XAlllo II); 
IF XL __ 999911 THEN XL"'U (I N.l111 
IF XL <= XI' THEN DO; 

PRINT 'EITHER LARGEST X VALue CHoseN IS TOO SMALL'; 
P!lINT 'DR ALL DATA VALUES ARE THE S ... ME'; 
STOP;ENo; 

IF OX <'" 0 fHEN 001 
INC" (XL-XFI/60j 
RINC" IOIl!C(F-LOORtLOGIO(INt))-t)1 
OX .. RDUND{INC,IUNC); 
ENOl 

If Xf:XA t )1, I) J THEN XF"XF-OXI 
NX" INTIIXL-XFIIDXj • 3; 
HDEFAULT = .9*MIN(STOoEY,QUARTSIG)6NIHJ(-.Z); 06 SILVERHIiIN'S FORI'I.; 
IF HI' = -9'1'1'19 THEN HI' .. HDEFAULT, 
IF HI' <- 0 THEN DO; 

Plutn 'MFIRST MUST BE POSITIYI!: IF OEFIiIULT NOT SPECIFIED'; 
STOP; END; 

IF HL = -'19999 THEN HL HI'; 
IF HI .. -'19999 THEN HI = 1000001 
MINH = (HL-Hfl/IOl 
IF HI < 0 THEN 001 

HI ., .36Hf J 
HL = HF • Hlt 
HF"HF-Hli 
ENDi 

If HL ~~ HI' & HI < HINH THEN HI ,., MINHi 
FiNISH; 

RUN INITIAL; 

00(1 NEXT MODULE TO COMPUTE CUMULIiiTlYE PlI.tlBABILlTIES. IF CHOSEN; 
START CUHPROBS; 

NK"NX+I, 
FeN .. FNX//O 0 01 
FCH.FtNII1,31)1 
FCNIINK.211 " OJ 
I" tUM .. J(NKo.ltZ.OH 
FtUMIIIoII) _ XF - .!lODX; 
FCUMll10211 .. IFCNllltlll*OX)/2; 
DOk_2TONIt; 

FtUH(lK,11) .. FCUMllk-l.llI • ox; 
FCUHIIK,211 FCUMllk-10211o. IIFCN(IJ.-lolllo.FCNIIK.lllloDXI/ZI 
END; 

FCUMIINK+loIIJ FCUM"NK.llI" OX; 
FCUMIINK.l,ZII IFCUM(lNKtZII + 11121 
YARLABEL .. (X_VALUE CUMPROBIi . 
VARH • I HANOWOTN); 
PRINT 'CUMULATIVE PROBABILITIES COItP,ESPONOlNG TO THE·, 

'NONPAItAMETRlt DENSITY ESTlMATl' 
FCH IICOLNAMe"VAII.HI1 •• 
FCU~ IleOLNAME=YARl. ... BELII I 

FiNISH, 
FNX .. JINX.3.D); 
"00 NEXT MODULE CALCULATES DENSITY ESTlMAT&(S1 AT SI'Ec.tFIEO· X VALUES 1 
START DENS; 

VARS _ (DENSITY X_VALUES BANOWOTHIi 
CREATE PLOT FROM FNX IICOlNAKES-VAIlSII; 
DO H .. HI' TO HL BY HI; 

NUH ,. N"H: 
XsXF-OX, 
OOI"ITONX, 

X"X+OX; 
Y ,. (JIl.N.X) - XAIIH; 
t " 1 >< ABSIY); 
IF KERNl. '"' 1 THEN KY • COHSUIII-UI:lIIIl2I1 

ELSE IF KeRNL",! THEN ItY_UP(_.50UY/SlGMIoSQR)/GCONSTI 
ELSE IF ItERNL_3 THEN ItV-CCONST/(.l!l+V/lYI; 
ELSE KY l-l.I 

FNXllr.l)) .. SUMtkYlltNUMIl 
FNXIII,211 ., XI 
ENOl 

FNXII.311 "H; 
IF CUMP ) 0 THEN RUN CUMI'ROBSI 
APPEND FROM FNX; 

END: 
FINISH; 

RUM DENS; 
CLOSE PLOT I 
QUIT, 

.."0 NEXl PLOT THE DENSITIES, CHANCE CPUlT AND OPTIONS DEPENDiMG ON 600 
6*0 DEVICE AVAILABLE. ***; 
PROC SORT OATA=PLOT: 

BY IIANOWOTH; 
PROC GPLOT DATA=PLOT: 

8Y B"NOWOTH i 
TITLE 'NONP ... R ... METRIC DENSITY ESTlMATE', 
SYMBDtl I"JOINI 
PLOT DENSITYOX_VALUESI 

!l:MEND DENSITY, 
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